arXiv:1503.06916v2 [math.KT] 13 Feb 2016 


Indefinite Kasparov modnles and pseudo-Riemannian manifolds 

Koen van den Dungen^’^* and Adam Rennie^^ 

^Mathematical Sciences Institute, Australian National University 
Canberra, ACT 0200, Australia 

^School of Mathematics and Applied Statistics, University of Wollongong 
Wollongong, NSW 2522, Australia 


Abstract 

We present a definition of indefinite Kasparov modules, a generalisation of unbounded Kasparov mod¬ 
ules modelling non-symmetric and non-elliptic (e.g. hyperbolic) operators. Our main theorem shows 
that to each indefinite Kasparov module we can associate a pair of (genuine) Kasparov modules, and 
that this process is reversible. We present three examples of our framework: the Dirac operator on a 
pseudo-Riemannian spin manifold (i.e. a manifold with an indefinite metric); the harmonic oscillator; 
and the construction via the Kasparov product of an indefinite spectral triple from a family of spectral 
triples. This last construction corresponds to a foliation of a globally hyperbolic spacetime by spacelike 
hypersurfaces. 
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1 Introduction 

Both Connes’ noncommutative geometry [Con94] and Kasparov’s AA-theory [Kas80, BJ83] deal with non¬ 
commutative generalisations of elliptic, self-adjoint differential operators. As such, these frameworks are 
particularly suited to describe Riemannian manifolds. In this article we aim to extend these frameworks to 
allow for non-elliptic and non-symmetric operators, and in particular (normally) hyperbolic operators. Our 
motivating example is the Dirac operator on a pseudo-Riemannian manifold, i.e. a manifold equipped with 
an indefinite (but non-degenerate) metric. It is precisely this example that has inspired the terminology for 
the indefinite Kasparov modules we introduce in Definition 3.1. 

Our definition of indefinite Kasparov modules is a generalisation of the usual definition of unbounded Kas¬ 
parov modules [BJ83]. One of our main goals is to make sure that this generalised definition still allows us 
to remain in touch with all the usual tools of AA-theory [Kas80]. If (A, Ab,X>) is an indefinite unbounded 
Kasparov module, we can construct from the (typically non-symmetric) operator V two symmetric operators 
given by 

D± ■=ReV±lmV = ^{V + V*) T - V*). 

We then want to make sure that these operators yield two unbounded Kasparov modules {A, Eb,'D±), and 
the main challenge here is to prove self-adjointness for 'D±. 
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This article continues in the spirit of our previous paper [DPR13], where we defined pseudo-Riemannian 
spectral triples {A, T-L, T>) as a generalisation of spectral triples, and we showed that the operators T>± defined 
as above yield spectral triples. Although the motivation for the present article is the same, there are 
nonetheless several significant differences. 

First, we work more generally with Kasparov modules instead of spectral triples. Second, while the definition 
of pseudo-Riemannian spectral triples requires assumptions on the second-order operators W* and 

p 2 _ 25 * 2 ^ |.]^g definition of indefinite Kasparov modules focuses more on first-order operators (namely D, 
V*, ReX>, and Iml?), which is more natural. Third, the definition of indefinite Kasparov modules has the 
advantage that it does not require any smoothness properties. And fourth, it allows to reverse the procedure 
T) 1 -^ which means that we can characterise all pairs of unbounded Kasparov modules that can be 
obtained from an indefinite Kasparov module in this way. 

As mentioned above, the main technical challenge is to obtain self-adjointness for T>±. In [DPR13], this 
is achieved by assuming that (X>)^ := (Re 2?)^ -f (Iml?)^ is self-adjoint, and that the anti-commutator 
{ReX>,ImI?} is ‘suitably bounded’ relative to (2?)^. In this article, we prefer to avoid assumptions on the 
second-order operator (2?)^. Instead, we now impose the condition that the real and imaginary parts of 2? 
almost anti-commute, which means that the anti-commutator {Re 2?, Im2?} is relatively bounded by Re 2?. A 
theorem of Kaad-Lesch [KL12] (quoted in Theorem 2.II) then allows us to conclude that 'D± are self-adjoint. 
Unfortunately, our main motivating example, namely the Dirac operator Ip on a. pseudo-Riemannian man¬ 
ifold, does not satisfy this condition. Indeed, although the anti-commutator {Re0,lm0} is a first-order 
differential operator, it contains in general both spacelike derivatives and timelike derivatives, and thus it is 
not relatively bounded by Help (nor by Imlp). In order to ensure that Help and ImIp almost anti-commute, 
we need the timelike part of {Help,Hn^} to vanish identically, which places a restriction on the geometry 
of the pseudo-Riemannian manifold (see below). This asymmetry between the timelike and spacelike parts 
of (Re Ip, Im 0} is artificial, and indicates that it would be desirable to have a more general version of Kaad 
and Lesch’ theorem: we aim to return to this issue in a future work. 

The layout of this article is as follows. In Section 2 we first describe our approach to dealing with non- 
symmetric operators, where we emphasise the real and imaginary parts of the operator. Subsequently, we 
gather some results on almost (anti-)commuting operators which will be useful later on. 

Next, we define indefinite Kasparov modules as well as pairs of Kasparov modules in Section 3, and we prove 
our main theorem, which states that these definitions are equivalent. We continue in Section 3.2 by discussing 
the odd version of indefinite Kasparov modules. As for usual Kasparov modules, it is straightforward to 
turn an odd indefinite Kasparov module into an even one by ‘doubling it up’. We then prove that these 
odd modules are characterised by pairs of Kasparov modules for which the two operators are related via a 
certain unitary equivalence. 

In Section 4 we discuss several examples. We start in Section 4.1 with the main motivating example, namely 
the Dirac operator on a pseudo-Riemannian spin manifold. We show, under certain mild assumptions on 
the manifold, that this Dirac operator satisfies all but one condition in the definition of indefinite Kasparov 
modules. The condition that fails (as mentioned above) is the assumption that the real and imaginary parts 
of the Dirac operator almost anti-commute in the sense of Kaad-Lesch. We continue to show that this 
condition does hold for the case of Lorentzian manifolds with ‘parallel time’. This example indicates that 
further study is required to obtain a more flexible formulation of indefinite Kasparov modules. 

The second example (Section 4.2) considers the harmonic oscillator in arbitrary dimensions. This example 
in particular shows that manifolds with indefinite metrics are not the only examples of our framework. 
Finally, in Section 4.3 we discuss families of spectral triples (building upon work by Kaad and Lesch [KLI3]), 
and we show that one can naturally associate an indefinite Kasparov module to such families. Our work on 
families of spectral triples was initially motivated by the study of spacelike foliations of spacetime from the 
perspective of noncommutative geometry. 
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2 Preliminaries on unbounded operators on Hilbert modules 

Let H be a Z 2 -graded C'*-algebra. Recall that a Z 2 -graded Hilbert H-module E is a. vector space equipped 
with a Z 2 -graded right action E x B ^ E and with a R-valued inner product (-I-): E x E ^ B, such that E 
is complete in the corresponding norm. The endomorphisms EndB(£’) are the adjointable linear operators 
E E, and the set End^)!?) of compact endomorphisms is given by the closure of the finite rank operators. 
For a detailed introduction to Hilbert modules and Z 2 -gradings, we refer to [Bla98, Lan95]. 

2.1 Non-symmetric operators 

In this section, we describe our approach to dealing with non-symmetric operators, namely by studying the 
real and imaginary parts of such operators. Let us start with a useful lemma regarding the ‘combined graph 
norm’ of two closed operators on the intersection of their domains. 

Lemma 2.1. Let E be a right Hilbert B-module with inner product (-I-). Let S and T be closed regular 
operators on E such that DomR n DomT is dense in E. Then DomR n DomT is a right Hilbert B-module 
with the inner product 

:= m) + ms^) + mri;), 

and the corresponding norm = ||('!/’|V’)s,t||b. 

Proof. We need to show that DomR C DomT is complete in the norm || • \\s,t- Since S is closed, we know 
that DomR is complete for the graph norm || • ||s corresponding to the inner product 

:= ((/'IV’) + (Sf'lStp), 

and a similar statement holds for DomT. The inequalities 

^(V’IV')s + ^(V’IV’)t < (V’IV’)s.T < (V’IV’)s + (V’IV’)t 

show that convergence in the norm || • is equivalent to convergence in both graph norms || • ||s and 
II ■ II T. Denote by Ws (respectively Wt) the closure of DomS” flDomT in the norm || • ||s (respectively 
II • IIt). Then the closure of DomS” fl DomT in the norm || • \\s^t is contained in the intersection of Ws and 
Wt. Since Ws C DomS” and Wt C DomT, this intersection Ws C Wt is contained in, and hence equal to, 
DomR n DomT, so we conclude that DomR fl DomT is complete in the norm || • ||s,t- Cl 

In what follows, we will consider a closed regular operator T> on a right Hilbert R-module E, such that 
DomTnDomT* is dense in E. The above lemma then tells us that DornTflDoml?* is a Hilbert R-module 
with the inner product 

Definition 2.2. Let T be a closed regular operator on a Hilbert R-module E, such that DomT n DomT* 
is dense. We define the real and imaginary parts of T by setting 

ReT := i(T-kT*), ImT :=-^(T - T*), 
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on the initial domain DomX> n DomP*. Since these operators are densely defined and symmetric, they are 
closable, and we denote their closures by Re2b and Im'D as well. Furthermore, we define the ‘Wick rotations’ 
of 2b by 


2b+ := Relb + Imlb, 2b_ := Re2b — Im2b, 

on the initial domain DomRe2b n DomlmTb. The term ‘Wick rotation’ is borrowed from physics, and its 
use is motivated by Proposition 4.8. 

Lemma 2.3. Let D be a elosed regular operator on a right Hilbert B-module E, such that Dom2bnDom2b* 
isdenseinE. Then the norms \\-\\ti,v , || ■ ||Rer>,imr>, || ■ (defined as in Lemma 2.1) are equivalent 

on Dom 2b n Dom 2b*. 


Proof. An elementary calculation shows that we have the equalities 

(0|V')Re-D.Imr> = ,X>_ = , 

from which it follows that the three norms || • \\v.v*, || • \\ReV,imT>, and || • are equivalent. □ 

Lemma 2.4. Let P be a closed regular operator on a Hilbert B-module E, such that Dom2b n Dom2b* is 
dense. 2/Dom 2b n Dom 2b* is a core for both 2b and 2b*, then Dom 2b n Dom 2b* = Dom Re 2b n DomIm2b, 
2b = Re 2b + ilm2b, and 2b* = Re 2b — ilm2b. 


Proof. The operators Re 2b and Im 2b are initially defined on Dom 2b n Dom 2b*, so the inclusion Dom 2b n 
Dom 2b* c Dom Re 2b n DomIm2b is obvious. Suppose that Dom 2b n Dom 2b* is a core for both 2b and 2b*. 
Consider the closed operator 2b defined as the closure of Re 2b + i Im 2b on the initial domain Dom Re 2b n 
DomIm2b. Obviously, 2b and 2b agree on Dom 2b n Dom 2b*, and since this domain is a core for 2b, it follows 
that 2b is an extension of 2b, and we have 2b* c 2b*. However, on Dom 2b n Dom 2b* both 2b* and 2b* ^e 
given by Re 2b — ilm2b, and since this domain is a core for 2b*, it follows that 2b* c 2b*. Hence 2b* = 2b* 
and therefore 2b = 2b. By construction of 2b we have the domain inclusions 

Dom 2b n Dom 2b* c Dom Re 2b n Dom Im 2b c Dom 2b n Dom 2b*. 


Since we have shown that 2b = 2b, we conclude that these inclusions are equalities. 


□ 


Definition 2.5. Let 2bi and P 2 be closed, regular and symmetric operators on a Hilbert iJ-module E, such 
that Dom 2bi n Dom 2b2 is dense in E. We define the reverse Wick rotation of the pair as the closure 

of 

2b:=i(2bi+2b2) + l(2bi-2b2) 


on the initial domain DomVi n Dom 2 b 2 (note that 2b is closable, because it is the sum of a symmetric and 
an anti-symmetric operator, which ensures that 2b* is densely defined). 


Remark 2.6. We emphasise that the reverse Wick rotation 2b' of the pair (V 2 ,Vi) is not equal to the 
reverse Wick rotation of {'Di^T> 2 ), but they are related to each other: 2b' is the closure of the restriction of 
2b* to Dom2bi n Dom2b2. In other words, 2b* is a closed extension of the closure of 2b', and they are equal 
if and only if Dom Vi n Dom 2b2 is a core for 2b*. 


Lemma 2.7. Let Pi and P 2 be closed, regular and symmetric operators on a Hilbert B-module E such that 
DovaPi nDom2b2 is dense in E. Let P be the reverse Wick rotation of {Pi,P 2 ). Then the norms || • 

II ■ llRe-D.imP) (^^d || ■ ||r>i,-D 2 equivalent on PomPi nDom 2 b 2 . 
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Proof. Let us write £ := DomPi n Dom'D 2 - The operators ± X >2 are symmetric on £, so the domain of 
V* also contains £ (and in particular DomX> n DomP* is dense). For ip G £ we can then write 

v*ip = - '-(V, - V2)ip. 

Hence on the initial domain £ we can write = X>+, V 2 = V-, Rel? = ^{Vi-\-V 2 ), and ImX> = — T’ 2 )- 

From Lemma 2.3 it then follows that the norms || • ||xi,xi», || • llRe-Djmi?, and || • ||•Dl,•E )2 are equivalent on £. □ 

2.2 Almost (anti-)commuting operators 

Almost (anti-)commuting operators were considered by Mesland in [Mesl4], and later generalised by Kaad 
and Lesch in [KL12], for the construction of the unbounded Kasparov product. Almost anti-commuting 
operators play an important role later in proving that the Wick rotations of indefinite Kasparov modules 
are (genuine) Kasparov modules. In this section, we recall the results from [KL12], and prove a few further 
consequences. 

Definition 2.8 (see [KL12, Assumption 7.1]). Let S and T be regular self-adjoint operators on a Hilbert 
A-module E such that 

1) there exists a submodule £ C DomT which is a core for T, and 

2) for each ^ G £ and for all /i S K.\{0} we have the inclusions 

{S — GDothS CiDomT and T{S — GDoiaS. 

The pair {S, T) is called an almost commuting pair if in addition 

3) The map [S', T](S' — ipi.)~^: £ ^ E extends to a bounded operator in EndA(7?) for all p. G ]R\{0}. 
Similarly, the pair (S, T) is called an almost anti-commuting pair if instead of 3) we have 

3’) The map {S,T}{S — igi)~^: £ ^ E extends to a bounded operator in End 2 i(i?) for all /r e ]R\{0}. 

These conditions are often summarised by simply saying that [S, T](S — ip,)~^ (or {S,T}{S — igi)~^) is 
well-defined and bounded. 

Lemma 2.9. Let {S,T) he a pair of regular self-adjoint operators on a Hilbert module E satisfying 1) and 
2) of Definition 2.8. Then S is essentially self-adjoint on DomS HDomT. 

Proof. By assumption we have (S±z)“^(^) G DomSHDomT for all £, G £, where £ is dense in E. Since S is 
self-adjoint, the operator {S ±i)“^ is bounded and has range DomS, which is dense in E. Hence (S Ei)~^£ 
is also dense in E, from which it follows that Dom S'HDomT is dense in E, so the operator SjDomSnDomT is 
symmetric and densely defined on Dom S H Dom T. Furthermore, the image of (S ± z) loom snDom t contains 
£ and is therefore also dense, which implies that SjDomSnDomT is essentially self-adjoint. □ 

Given two regular self-adjoint operators S and T on a Hilbert A-module E, we consider two new operators 
on T © T given by 


S := 


0 iS 
-iS 0 


T := 



with domains DomS = (DomS)®^ and DomT = (DomT)®^. One easily calculates that 


{S,T} 



0 ^ 


[S,T]=z 


{S,T} 0 

0 -{S,T} 


whenever these operators are defined. Hence this ‘doubling trick’ allows us to easily switch between almost 
commuting and anti-commuting operators. 
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Lemma 2.10. Let S and T he regular self-adjoint operators on a Hilbert A-module E, and let S and T be 
given as above. Then the following statements hM^ 

1) if iS.,T) is an almost commuting pair, then {S,T) is an almost anti-commuting pair; 

2) if {S,T) is an almost anti-commuting pair, then {S,T) is an almost commuting pair. 


Proof. We only prove the first statement, as the second statement is similar. So suppose that the operator 
[S', T](S' — ip,)~^: S ^ E is well-defined and bounded. Consider the submodule S = S © S of the Hilbert 
module E = E (B E. An explicit calculation shows that we can rewrite 

(q_ ■ 'i-i _ *5' \ ^ _ f{S - ip,)~^ 0 \ f{S -ip.) 0 \ f-ip iS \ ^ 

\—iS—ipJ 0 (S — ip)~^J 0 {S — ip)J \—iS—ipJ 

_ f {S — ip)~^ 0 \f ip{S-\-ip)~^ iS{S-\-ip)~"^\ 

0 [S — ip)~^ j \—iS{S-\-ip)~^ ip{S-\-ip)~^ J ' 


The second matrix on the second line is bounded, and it maps £ to DomT (by assumption, (S -\-ip)~^ maps 
£ to DomS n DomT, and S(S + ip)~^ = 1 — ip{S + ip)~^ maps £ to DomT). Since the submodule £ in 
Definition 2.8 can always be replaced by DomT (see [KL12, Proposition 7.3]), this shows that £ satisfies 
conditions 1) and 2). Furthermore, the operator 


{S,T}(S-*a^)-i=z 




ip{S-\-ip) ^ iS{S-\-ip) 
— [S,T](S — ip)~^J \—iS{S + ip)~^ ip{S + ip)~ 


is then well-defined and bounded on £. 


□ 


Theorem 2.11 ([KL12, Theorem 7.10]). Let {S,T) be an almost commuting pair of regular self-adjoint 
operators on E. Then the operator 

0 S + fT^ 

.S-iT 0 


V -.= 


with domain DomT := (DomS fl DomT) is self-adjoint and regular. 


Combining Theorem 2.11 with Lemma 2.10, we obtain a variant of Kaad and Lesch’ result. 

Corollary 2.12. Let (S, T) be an almost anti-commuting pair of regular self-adjoint operators on E. Then 
the operators S + T and S — T with domain DomS ± T = DomS H DomT are regular and self-adjoint. 


From the assumption that (S, T) is an almost commuting pair, it does not follow that S±T is self-adjoint on 
Dom S n DomT (the obvious counter-example is S = ©T). However, it does follow that S ± T is essentially 
self-adjoint on Dom S fl Dom T. 

Proposition 2.13. Let {S,T) be an almost commuting pair of regular self-adjoint operators on E. Then 
the operator S + T is essentially self-adjoint on DomS C DomT. 


Proof. The statement follows from a straightforward adaptation of the proof of [KL12, Proposition 7.7], 
which we include here for completeness. We know that S + T is symmetric on Dom S H Dom T, so it suffices 
to prove that Dom(S + T)* C Dom (S + T). Let ^ G Dom(S + T)*, and define the sequence 




G Dom S, 


which converges in norm to For 77 G DomT, we can calculate 

-1 \ / /i \-i 


r,) = (f, (is +1) - V,) = («. r(is +1) (Is +1) - [©, r] (Is +1) -„) 
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= {iAS + T)(^^S+l) 

= (( - + l)”'(5 + T)*^, rj) - (5( -^S+ 1)~'C,^) - {Ki,v), 

where i?„ := {^S + 1)“^[^S',T](^S' + 1)“^ is defined as in [KL12, Lemma 7.4]. This proves that is in the 
domain of T* = T, and that 


ren = (-^^ + i) \s + TY^-S£,n-Ki- 

In [KL12, Lemma 7.4] it is shown that Rn —>■ 0 strongly, and hence 

(5 + T)e„ = (-+1) ”'(5+T)*e - K(, 

converges in norm to (S' + T)*^, which in particular means that ^ = lim„_>oo G Dom (S + T). □ 

3 Indefinite Kasparov modules 

We are now ready to present our framework of indefinite Kasparov modules, after which we define pairs of 
Kasparov modules, and show that these definitions are equivalent. 

Definition 3.1. Given (separable) Z 2 -graded C'*-algebras A and B, an indefinite unbounded Kasparov 
A-i3-module {A, ^Ebt'D) is given by 

• a Z 2 -graded, countably generated, right Hilbert B-module E-, 

• a Z 2 -graded *-homomorphism tt: A ^ End_B(i?); 

• a separable dense =i=-subalgebra Ad A-, 

• a closed, regular, odd operator V: Dom I? C E ^ E such that 

1) there exists a linear subspace £ C DomDnDomU* which is dense with respect to || • jj-D,!?*, and which 
is a core for both V and 17*; 

2) the operators Re 17 and ImI7 are regular and essentially self-adjoint on £] 

3) the pair (Re 27, Im 77) is an almost anti-commuting pair; 

4) we have the inclusion iriA) ■ £ C Dom27 n Dom77*, and the graded commutators [77,7r(a)]± and 
[77*,7r(a)]± are bounded on £ for each a € A; 

5) the map 7 r(a)o 6 : Dom77nDom77* ^ i?—>• ill is compact for each a € A, where 6 : Dom27nDom77* ^E 
denotes the natural inclusion map, and Dom 77 n Dom 77* is considered as a Hilbert H-module with the 
inner product 

If no confusion arises, we will often write {A,Eb,'D) instead of {A, t^Eb^'D). If H = C and A is trivially 
graded, we will write E = R and refer to {A^ 27,27) as an even indefinite spectral triple over A. 

Remark 3.2. If 77 is self-adjoint, this is just the usual definition of an unbounded Kasparov H-H-module 
(or spectral triple if 72 = C). In this case, note that assumption 5) is equivalent to the more commonly used 
assumption that the resolvent of 27 is locally compact (which means that the operator 7 r(a)(l -I- 77^)“^/^ is 
compact for each a G A). 

Property 1) and Lemma 2.4 imply that we have the equality Dom 77 n Dom 27* = Dom Re 77 n DomIm77, 
which we will use repeatedly. 

Definition 3.3. Two indefinite unbounded Kasparov H-i?-modules {A, Ei,!)^ and {A, E 2 ,'D 2 ) are called 
unitarily equivalent if there exists an even unitary U: Ei ^ E 2 such that 272 = U'DiU* and for all a G A 
we have 7 r 2 (a) = UTTi{a)U*, where tt^ : H ^ EndB(iili) denotes the left action of A (for i = 1, 2). 
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Next, we will show that the linear subspace £ in Definition 3.1 can always be replaced by Dom n Dom 2?*. 
The trickiest part turns out to be condition 4), for which we prove a separate lemma first. 

Lemma 3.4 (cf. [FMR14, Proposition 2.1]). Let V be a closed regular operator on a Hilbert B-module E 
such that DomPriDomP* is dense. Let £ C Dom2?nDomT>* be dense with respect to the norm || • 
and let A C EndB(i?) be a *-subalgebra. Suppose A-£ C Dom2?nDom22*, and for each a € A the operators 
[22, a] and [22*, a] are bounded on £. Then A also preserves Dom22nDom22*, and [22, a] and [22*, a], initially 
defined on Dom 22 n Dom 22*, extend to bounded endomorphisms on E, for all a G A. 

Proof. The proof is a straightforward adaptation of [FMR14, Proposition 2.1], which proves the statement 
for the case of self-adjoint operators on a Hilbert space. For completeness we will work out the details here. 
Let Ip € Dom 22 n Dom 22*. By assumption there exists a sequence ipn & £ such that •ipn ^ the norm 
II • which is equivalent to ipn 'Ef’n and 'D*ipn L2*'(/i, in the usual norm. The sequence 

'Daipn is Cauchy (in the usual norm), since 

||22aV'„ - 220^^™II = WaV'ipn - a'D'ipm + [22,a]V'n - [22, aJV'mIl < |[a||||22i/)„ - Vf^rnW + || [22, a]|| ||'0„ - V'mil, 

and similarly 'D*a'tpn is also Cauchy. Hence the sequence a-ipn S Dom 22 n Dom 22* is Cauchy in the norm 
II ■ I|i5,x>*j so there exists a ^ G Dom22 n Dom22* such that atpn ^ ^ in the norm || ■ Hp.p*. But this implies 
that atpn —^ in the usual norm, and since we already know that aipn —>■ aip in the usual norm, we conclude 
that ^ = afj, and hence atp G Dom 22 n Dom 22*. Thus we have shown that a preserves Dom 22 n Dom 22*. 

To conclude that [22, a] (and similarly [22*, o]), initially defined on Dom 22 n Dom 22*, extends to a bounded 
endomorphism, it suffices to show that its adjoint is densely defined, since then it is closable, and [22, a] D 
[22, a]If, which is everywhere defined and bounded. For ip G Dom22 and rj € £, we have 

([22,a]V-b) = {Vai^lp) - (a^^V'l^) = = (V>| - [D*,a*]r,), 

which is well-defined because a* G .4 maps £ to Dom22 n Dom22*. Hence the domain of [22, a]* contains the 
dense subset £, which implies that [22,a] is closable. The same argument applies to [22*,a]. □ 

Proposition 3.5. If {A, Eb,!!) is an indefinite unbounded Kasparov A-B-module, then the subset £ in 
Definition 3.1 can be replaced by Dom 22 n Dom 22*. 

Proof. If £ C Dom 22 n Dom 22* is a core for 22 and 22*, then so is Dom 22 n Dom 22*. By construction, 
Dom 22 n Dom 22* is contained in the domains of Re 22 and Im22, so the operators Re 22 and Im22 are also 
essentially self-adjoint on Dom 22 n Dom 22*. Using Lemma 3.4 then concludes the proof. □ 

3.1 Pairs of Kasparov modules 

Definition 3.6. We say {A, Eb,Di,D 2 ) is a pair of unbounded Kasparov A-B-modules if {A,Eb,Di) and 
{A, Eb,D 2 ) are unbounded Kasparov H-i3-modules such that: 

1) there exists a linear subspace £ C Dom22i n Dom222 which is a common core for 22^ and D 2 ; 

2) the operators 22^ -|- 222 and 22^ — D 2 are regular and essentially self-adjoint on £\ 

3) the pair (22^ -|- 222 , 22^ — D 2 ) is an almost anti-commuting pair. 

If i? = C and A is trivially graded, we will write E = TL and refer to (.4,72,22^, 222 ) as an even pair of 
spectral triples over A. 

Remark 3.7. Since (22^ -|- 'D 2 ,'T>i — "P 2 ) is an almost anti-commuting pair, it follows from Corollary 2.12 
that in fact Dom22i = Dom222. Similarly to Proposition 3.5, we can then replace £ by Dom22i = Dom222. 

Proposition 3.8 (Wick rotation). Let (A, Eb,D) be an indefinite unbounded Kasparov A-B-module. Then 
the Wick rotations 22^ and 22_ form a pair of unbounded Kasparov A-B-modules (.4, Eb, 22_|_, 22_). 




Proof. By assumption, the operators ReX> and ImX> are essentially self-adjoint on DomReX> fl DomImX>, 
and they form an almost anti-commuting pair (Re "D, Im P). By construction, we have the domain inclusions 

Dom Re 2? n Dom Im V C Dom fl Dom C T)om{'D+ + ) fl Dom(2?_|_ — ). 

Since -I- and are symmetric extensions of the essentially self-adjoint operators 2 Re 2? and 

2Im2? (respectively), we must have 2?+ -|- 2?_ = 2Re2? and 2?+ — 2?_ = 2Im2?, which implies that the 
above domain inclusions are in fact equalities. This also proves properties 2) and 3). By Corollary 2.12 it 
then follows that T>± = Re2?±Im2? are self-adjoint on the domain £ := Dom2?± = Dom Re 2? n Dom Im 2?, 
which shows property 1). 

To complete the proof that V± yield unbounded Kasparov modules, first observe that [Re 2?, a] and [Im2?, a] 
are bounded on Dom2?± = DomRe2?nDomIm2?, and hence it follows that [Re2?±Im2?, a], initially defined 
on Dom Re 2? n DomIm2?, extend to bounded endomorphisms on E. 

Finally, we know from Lemma 2.4 that Dom2?± = Dom Re 2? fl Dom Im 2? is equal to Dom 2? n Dom 2?* (with 
the same norm-topology), and by assumption the map 7r(a) o i\ Dom2? n Dom2I* —> if is compact. Thus 
the Wick rotations {AtEb,'D±) are indeed unbounded Kasparov modules. □ 

Proposition 3.9 (reverse Wick rotation). Let {A, Eb,Pi,P 2 ) be a pair of unbounded Kasparov A-B- 
modules, and let 2? be the reverse Wick rotation o/(2Ii,2?2). Then (A, Eb,P) is an indefinite unbounded 
Kasparov A-B-module. 

Proof. As mentioned in Remark 3.7, we can pick £ = Dom2?i = Dom2?2- By construction, we have the 
domain inclusions 

£ C Dom V n Dom P* C Dom Re 2? n Dom Im P C Dom(Re P -h Im P) n Dom(Re P — ImP). 

The operators P+ = KeP ImP and 2?„ = Re2? — Im2? are symmetric extensions of the self-adjoint 
operators Pi and P 2 , and hence Pi = 2I_|_ and P 2 = P-. This implies that the above domain inclusions are 
in fact equalities. By definition, f is a core for the reverse Wick rotation P. On this domain we can write 

RePip =-(Pi-I-P 2 )f’, ImPtp =-(Pi — P 2 )ip. 

Thus by assumption the operators Re 2? and Im2? are essentially self-adjoint on £, and they form an almost 
anti-commuting pair (Re2I,Im2?). Since 2?i and P 2 have bounded commutators with A, it follows imme¬ 
diately that Re 2? and Im2? also have bounded commutators with A. We observe that the identity map 
(£, II • ||•Dl,x> 2 ) (Dom2Ii, II • ||x)i) is continuous, because the graph norm of Pi is bounded by the norm 
II • \\'Di,v -2 on £■ (and similarly for 2?2). Since Pi (or P 2 ) has locally compact resolvent, it then follows that 
the map 7r(a) o l: £ ^ E ^ E is compact for each a G A. Finally, it remains to show that f is a core 
for P*. Since (Re2?,Im2?) is an almost anti-commuting pair, we can use the ‘doubling trick’ and apply 
Proposition 2.13 to conclude that 

0 i(ReP — ilmP) 

—i(ReP-\-ilv[iP) 0 

is essentially self-adjoint on £ ® £. Thus P* = (Re2? -|- i ImP)* equals the closure of Re2? — i Im2? on £, so 
£ is indeed a core for P*. □ 

Remark 3.10. Let (A,Eb,P) be an indefinite unbounded Kasparov module with Wick rotations P+ and 
21_. Denote by P the reverse Wick rotation of (P +, 2?_). By construction we then have the domain inclusions 

Dom P n Dom P* C Dom Re 2? n Dom Im P C Dom 2?+ n Dom 2?_ C Dom P n Dom P* 

As in the proof of Lemma 2.4, the assumption that Dom21 n Dom 21* is a core for both P and P* implies 
that P — P. Thus, this assumption ensures that our procedure of Wick rotation is reversible. 
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We can consider unitary equivalences of indefinite Kasparov modules or pairs of Kasparov modules as in 
Definition 3.3, and one easily sees that Wick rotations and reverse Wick rotations respect such unitary 
equivalences. 

Combining these observations with Propositions 3.8 and 3.9, we can summarise our results as follows: 

Theorem 3.11. The procedure of (reverse) Wick rotation implements a bijection between indefinite un¬ 
bounded Kasparov A-B-modules (A, Eb, T)) and pairs of unbounded Kasparov A-B-modules {A, Eb, T>i, T> 2 ). 
This bijection also descends to the corresponding unitary equivalence classes. 

3.2 Odd indefinite Kasparov modnles 

We introduce an odd version of indefinite Kasparov modules, where all Z 2 -gradings are trivial, and the 
operator V is (of course) no longer assumed to be odd. 

Definition 3.12. Given trivially graded C'*-algebras A and B, an odd indefinite unbounded Kasparov 
A-B-module {A,Eb,'T>) is given by 

• a trivially graded, countably generated, right Hilbert H-module E- 

• a =i=-homomorphism tt: H ^ EndB(K); 

• a separable dense =i=-subalgebra A<Z A\ 

• a closed, regular operator T> : Dom V d E ^ E such that 

1) there exists a linear subspace 8 C Dom I? n DomX>* which is dense in the norm || • \\v,v and which is 
a core for both T> and V* ; 

2) the operators ReX> and ImX> are regular and essentially self-adjoint on 8] 

3) the pair (ReH, ImX>) is an almost commuting pair] 

4) we have the inclusion ^{A) ■ 8 C Domn Dom, and the commutators [H, 7r(a)] and [I?*,7r(a)] are 
bounded on 8 for each a d A\ 

5) the map 7r(a)o6: DomUfiDomll* ^ i?—>• K is compact for each a € H, where 6: DomUnDomU* ^E 
denotes the natural inclusion map, and DomUnDomU* is considered as a Hilbert module with the inner 
product (•lO-D.K*- 

If B = C, we will write E = TL and refer to (.4., TL, T>) as an odd indefinite spectral triple over A. If V is 
self-adjoint, we recover the definition of an odd unbounded Kasparov module (or odd spectral triple). 

Remark 3.13. We emphasise that, in the odd case, the pair (ReH, ImH) is assumed to almost commute 
(instead of almost anii-commute). This assumption can be reinterpreted as saying that the commutator 
[X>, T)*] is relatively bounded by the sum T) V*; in this sense T> is ‘almost normal’. 

It follows from 3) and Theorem 2.11 that in fact we have DornP = Dom21*, and as in Proposition 3.5 we 
can then always replace 8 by Dom 21. 

Given an odd indefinite unbounded Kasparov module {A, EbtB)., we can again consider its Wick rotations 

21+ := Re21 -I- Im21, 21_ := Re21 — ImH, 

on the initial domain Dom Re 21 n DomlmH. The following example shows that these Wick rotations are 
not as well-behaved as in the Z 2 -graded case. 

Example 3.14. Let {A,Eb,T>) be an odd unbounded Kasparov module, and consider the operator V := 
(1 -I- 1)21. Then {A.Eb^T)) is an odd indefinite unbounded Kasparov module, and its Wick rotations are 
21+ = 221 and 21_ = 0. The problematic one is obviously 21_, as it is not closed on Dom 21, and it does not 
have locally compact resolvent. 
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Hence the assumptions of an odd indefinite unbounded Kasparov module do not imply that the Wick 
rotations yield odd unbounded Kasparov modules. However, by Proposition 2.13 we do know that P+ and 
V- are essentially self-adjoint, and we will denote their self-adjoint closures by and V- as well. 

Given an odd unbounded Kasparov module {A, Eb,'D), it is straightforward to construct an (even) un¬ 
bounded Kasparov module {A,Eb,T>) by defining the Z 2 -graded Hilbert module E := E (B E (where the 
first summand is considered even and the second summand odd) and the odd operator 



The following theorem gives a similar ‘doubling trick’ for the indefinite case. 

Theorem 3.15. Given trivially graded C*-algebras A and B, let Eb be a trivially graded, countably generated 
right Hilbert B-module with a *-homomorphism n: A ^ EndB(£'), let A G A be a separable dense *- 
subalgebra, and let DomX> E be a closed, regular operator. Consider (the closures of) the operators 

V+ :=BeV + ImV, V_ :=ReV- ImV, V := , V+ := := . 

Then the following are eguivalent: 

1) {A, Eb,'T>) is an odd indefinite unbounded Kasparov A-B-module; 

2) (.4, {E © E)b,'D) is an indefinite unbounded Kasparov A-B-module; 

3) (. 4 , {E © E)b,T)^,V_) is a pair of unbounded Kasparov A-B-modules. 

Proof. One easily sees that the reverse Wick rotation of (X>+,I?_) equals V, and the equivalence of 2) and 

3) then follows from Theorem 3.11. Hence it suffices to prove the equivalence of 1) and 3). 


1)=>3): Let {A,Eb,T)) be an odd indefinite unbounded Kasparov 4-B-module. From Remark 3.13 we have 
the equality DomT> = DomT>*, and from Lemma 2.4 we then know that DomT> = DomReP 0 DomImB, 
and we can write V = Re'D -\- i Im V and V* = ReV — i Im V. Thus the operators 


V+ = 


0 v*\ 

V o) 


©>_ = 


0 V 
V* 0 


are self-adjoint on (DomReB fl DomlmT*)®^. For all a G 4, we know that (D,a\ and \D*, a] are bounded, 
and therefore a] and [B_, a] are also bounded. Furthermore, the inclusion of the domain (DomReH H 
DomlmP)®^ in B B is locally compact, because the inclusion DomReP fl DomlmP = DomT> ^ B is 
locally compact by assumption. Thus both (4, (B © E)b,'D±) are unbounded Kasparov 4-B-modules. 

The operators are essentially self-adjoint on (DomRePflDomlmD)®^, because ReV and ImH are 

essentially self-adjoint on DomReBnDomlmH. Since (ReV,lmT>) is an almost commuting pair, it follows 
from Lemma 2.10 that (X>+ + ) is an almost anti-commuting pair. Thus (4, (B©B)b, V+,V,) 

is indeed a pair of unbounded Kasparov 4-B-modules. 

3)=»1): Suppose (4, (B © B)b,T>+,T>_) is a pair of unbounded Kasparov 4-B-modules. The property 
DomX>+ = DomX>_ (see Remark 3.7) then implies that DomB = DomB*. Since B+ ± B_ are essentially 
self-adjoint, it follows that ReB and ImB are essentially self-adjoint on DomB. Since (B+ +B_, B+ — B_) 
is an almost anti-commuting pair, it follows from Lemma 2.10 that (ReB,ImB) is an almost commuting 
pair. For all a G 4, we know that [B+, a] and [B_, a] are bounded, and therefore [B, a] and [B*, a] are also 
bounded. Finally, since the inclusion (DomB)®^ B © B is locally compact, it follows that the inclusion 
DomB ^ B is also locally compact. Thus (4 ,Bb,B) is indeed an odd indefinite unbounded Kasparov 
4-B-module. □ 
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We point out that the indefinite Kasparov module {A, {E(BE)b,'D), given (as defined above) by the operator 


V = 


0 V+ 

D_ 0 


is a very special type of indefinite Kasparov module. For instance, its entries and are both essentially 
self-adjoint, and they have a common core (namely DomV). The special nature of such V is reflected by 
the following property of the Wick rotations. 

Given a Hilbert H-H-bimodule -^Eb, recall the opposite module t^opE'^, which is defined as the Hilbert 
module Eb with the opposite grading (i.e. (i?°P)° = E^ and {E°p)^ = E°), and with the left action 
7 r°P(a) ;= 7 r(a°) — 7 r(a^) for a = aP + a} & ® = A. 

Proposition 3.16. Let {A,Eb,'D) he an odd indefinite unbounded Kasparov A-B-module, and consider the 
corresponding pair of unbounded Kasparov modules {AfiE © E)b,'Dj^,'D-) (as in Theorem 3.15). Then 
(.4,, {E © E)b,T)+) is unitarily equivalent to (A, {E © E)°g, —D_), and for their KK-classes we therefore 
have [{A,{E®E)b,V+)] = -[{A, {E®E)b,V_)] eKK{A,B). 


Proof. First, the operators 21+ and —21_ are unitarily equivalent: 

f 0 1\ /O V*\ fo -A _ f 0 -V\ 

\-i o) [v oy^i 0 ) ~ \-v* 0 ) ■ 


However, we also find that 

0 A /I 0 \ /O -A ^ /-I 0\ 

-1 oy 1^0 -y 0 J V 0 y ’ 

so under this unitary equivalence the Z 2 ^rading becomes the opposite. Thus, we have the unitary equivalence 
{A, {E © E)b,T)+) ^ (.4, {E © E))^, —21_). Recalling that the class of (4l, {E © E))^, —21_) is the negative 
of the class of (+1, {E ® E)b,V-), the last statement follows immediately. □ 


We would like to characterise the types of indefinite Kasparov modules that are obtained from odd indefinite 
Kasparov modules, and for this purpose we prove a converse to the above proposition. 

Proposition 3.17. Let A and B be trivially graded C*-algebras. Let {A, Eb,'T>i,V 2 ) be a pair of unbounded 
Kasparov A-B-modules such that {A,Eb,T)i) is unitarily equivalent to {A,E°j^, —B 2 ) via an anti-self-adjoint 
unitary 

0 -U*\ 

U Q ) ' 

where U is a unitary isomorphism E^ —>■ E^ and we identify E°'^ ~ © E^ as ungraded modules. 

Then {A, Eg, U*1)11 bo) is an odd indefinite unbounded Kasparov A-B-module. 

Remark 3.18. Suppose that Vi = V 2 , so we just have an unbounded Kasparov module {A, Eb,T>i). The 
anti-self-adjoint unitary operator given above can be seen as the generator of the Clifford algebra Cli. Since 
it is odd and anti-commutes with Hi = 2 I 2 , this means that (.4, Eb, Hi) extends to an unbounded Kasparov 
module (^©Cli, FIs, Hi) and thus represents a class in the odd KK-theory KK^{A, B) = KK^A^Gi, B). 
If Hi 7 ^ H 2 however, the anti-self-adjoint unitary does not anti-commute with Hi (nor H 2 ), so the pair of 
Kasparov H-H-modules does not extend to a pair of Kasparov A © Cli-B-modules. 

Proof. Using the isomorphism U°p ~ if = E^ © E^ as ungraded modules, any even unitary isomorphism 
E —>■ if°P can be written in the form 

0 -UA 

1/ 0 j ’ 
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where U and V are unitary isomorphisms ^ E^. The assumption that this unitary isomorphism is 
anti-self-adjoint implies that U = V. li we write the self-adjoint operator Vi on E^ © E^ as 


Vi 


0 vi\ 
Vo O)^ 


the unitary equivalence of 'Di and — 2?2 then yields 


V 2 


fo -U*\ f 0 V*o\ f 0 U*\ 
0 j 0 J {-U 0 ) 


( 0 U*VoU*\ 

\UVIU 0 ) ■ 


The algebra A is trivially graded, so its representation on E and E°p is the same. Writing a = oq © oi, we 
find that ai = UaoU*. Hence the representation of H on is determined by its representation on Using 
the identification E^ =UE^, we can rewrite a, 2 ?i, and I ?2 as operators on E^ © E^ as 


a = 


fao 0\ 
'vO ao) ’ 


Vi 


( 0 V*U\ 
\u*Vo 0 ) ’ 


V 2 


( 0 U*Vo\ 
[v*U 0 )■ 


By defining := U*'Do : Domino ^ this can be rewritten 


as 


V, = 


0 V* 
V 0 


V 2 = 


0 V 
V* 0 


Hence it follows from Theorem 3.15 that (^, is an odd indefinite unbounded Kasparov module. □ 


We point out that our constructions are well-defined and reversible up to unitary equivalence (where we 
need to allow for unitary equivalence because of the freedom in the unitary isomorphism U : E^ —^ E^). 
Combining the previous two propositions with Theorem 3.15, we thus obtain: 

Theorem 3.19. Let A and B be trivially graded C*-algebras. The construetions of Propositions 3.16 
and 3.17 implement a bijection between unitary equivalenee classes of odd indefinite unbounded Kasparov 
A-B-modules (A, Eb,V) and unitary equivalence classes of pairs of unbounded Kasparov A-B-modules 
{A, Eb,Vi,'D 2 ) such that {A, Eb,Vi) is unitarily equivalent to {A,E^,—'D 2 ) via an anti-self-adjoint even 
unitary. 


4 Examples 

4.1 Pseudo-Riemannian spin manifolds 

In this section we describe the main example for indefinite Kasparov modules, namely pseudo-Riemannian 
spin manifolds. We briefly recall the construction of the canonical Dirac operator on a pseudo-Riemannian 
spin manifold, and for more details we refer to [BauSl]. 

Let (M, g) be an n-dimensional time- and space-oriented pseudo-Riemannian spin manifold of signature (t, s), 
where t is the number of time dimensions (for which g is negative-definite) and s is the number of spatial 
dimensions (for which g is positive-definite). We consider an orthogonal decomposition of the tangent bundle 
TM = Et © Eg, which always exists but is far from unique. We will consider elements of Et to be ‘purely 
timelike’ and elements of Eg to be ‘purely spacelike’. Given our choice of decomposition TAI = Ej ® Eg, we 
have a timelike projection T: Ej ® Eg —^ Et and a spaeelike reflection r := 1 — 2T which acts as (—1) © 1 on 

Et © Eg. 

Let C\{TM,g) denote the real Clifford algebra with respect to g, and denote the Clifford representation 
TM ^ Cl{TM,g) by 7 . Our conventions are such that 'y{v)^{w) ^{w)^{v) = —2g{v,w). We shall denote 

by h the map T*M —>■ TM which maps a G T*AI to its dual in TM with respect to the metric g. That is: 

h(a) = V a{w) = g{v, w) for all w G TM. 
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We assume that M is equipped with a spin structure. We consider the corresponding spinor bundle S —>• M 
and its space of compactly supported, smooth sections r“(S). We denote by c the pseudo-Riemannian 
Clifford multiplication r“(T*M O S) -)> r~(S) given by 

c(a ® Ip) •= 7 (^( 0 ^))'*/’- 

Let V be the Levi-Civita connection for the pseudo-Riemannian metric g, and let V® be its lift to the spinor 
bundle. The Dirac operator on (S) is defined as the composition 

$: r^(s) ^ r“(T*M (g) s) r^(s). 

Locally, we can choose a (pseudo-)orthonormal frame corresponding to our choice of decomposition 

TM = Ef 0 Eg, such that Cj G Et for j < t and ej G Eg for j > t. In terms of this frame, the metric can be 
written as 


g{ei,ej) = SijK{j), 




-1 j = l,...,t; 

1 j = t+l,...,n. 


Let be the basis of T*M dual to so that 0^{ej) = Sj. We then see that h{9^) = K{j)ej. In 

terms of the local frame {ej}, we can then write the Dirac operator as 

n 

i=i 


4.1.1 The Hilbert space of spinors 

Given the decomposition TM = E^ © Eg, there exists a positive-definite hermitian structure [BauSl, §3.3.1] 

which gives rise to the inner product (V’il' 02 ) := Im (V'i|V' 2 )dvolg, for all '4’i,'ip2 G r^(S), where dvolg denotes 
the canonical volume form of (M, g). The completion of r“(S) with respect to this inner product is denoted 
L^(S). We can define an operator J7 m on L^(S) by setting 

Jm := ■ • • 7(et), 

where {ej} is a local orthonormal frame corresponding to the decomposition TM = Et © Eg. This operator 
is self-adjoint and unitary, and is related to the spacelike reflection r via 

Jmi{v)Jm = i-lYj{rv). 

The space L^(S) then becomes a Krein space with the indefinite inner product ■= {Jm ■ h) and with 

fundamental symmetry Jm- 

4.1.2 The Dirac operator and its Wick rotations 

Using the spacelike reflection r, we can define a ‘Wick rotated’ metric gr on M by setting 

gr{v,w) := g{rv,w) 

for all v,w G TM. One readily checks that gr is positive-definite, and hence {M,gr) is a Riemannian 
manifold. Throughout the remainder of this section we make the following assumption: 
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Assumption 4.1. Let {M,g) be an n-dimensional time- and space-oriented pseudo-Riemannian spin man¬ 
ifold of signature (t, s), and let r be a spacelike reflection, such that the associated Riemannian metric gr is 
complete. 

Consider the Dirac operator Ip := coV® on the Hilbert space L^(S) with initial domain r^(S). From [Bau81, 
Satz 3.17] we know that the adjoint of the Dirac operator ij) = YP'^=i takes the form 

n n 

-0* = X! +7(ei)jM[Vg^., Jm]) • 

i=i i=i 

For the real and imaginary parts of ij) we thus find 

Relp= 7(ej)V®. -k -^7(ei)JM[V®., Jm], Im0 = i^ 7(ej)V® .-k ^ ^ 7(ej) Jm[V®., Jm] ■ 

j=t+i i=i i=i i=i 

The assumption that gr is complete implies that Re.0 and Im^^ are essentially self-adjoint [Bau81, Satz 
3.19]. For the Wick rotations we then obtain the formula 

t n I . n 

j=\ i=i-i-i i=i 

n 1 _L • 

= E 7±(e,)V®^. + ^ E 7(e.) , Jm] , 

i=i 

where we have defined the ‘Wick rotated’ Clifford representations 7 ± as 

7±(i;) := ±f7(z;t) -k 'yivs) (1) 

for any = -ct -k e E* © Eg = TM. Since 7±('c)^ = -l{vtY +l{vsf = g{vt,vt) - g{vs,Vs) = -gr{v,v), we 
see that 7 ± (for either choice of sign) is a Clifford representation associated to the Riemannian metric gr- 

Proposition 4.2. Let {M,g,r) be as in Assumption 4-1- Then the Wiek rotations Ipj- yield spectral triples 
L^{S), such that Dom0^nDom0_ is a common core for and and such that 
is essentially self-adjoint on this domain. 

Proof. The essential self-adjointness of ij)^ on F“(S) follows from the completeness of gr (see e.g. [HROO, 
Proposition 10.2.11]). Commutators of lp± with functions / S Cp°{M) are bounded because Ip± is a first- 
order differential operator, whose coefficients are smooth and hence bounded on any compact set. For a 
vector V G TM, the principal symbol of Ipj. is given by i'y±{v). Since the square of the principal symbol 
equals the positive-definite metric gr{v,v), this implies that Ipj. is elliptic, and hence it has locally compact 
resolvent (see e.g. [HROO, Proposition 10.5.2]). Thus we indeed have spectral triples (C))°(M), L^(S), .0j_). 

For the domains of the Wick rotations we have Dom0_|_ nDom7^_ D Dom^^ (7 Dom^^*. Since this domain 
contains r]f’(S), it is a core for both and lp_. The operators Re Ip and Imlp are essentially self-adjoint on 
r“(S) by [Bau81, Satz 3.19], and since they can be extended to symmetric operators on Dom^^ n Dom0*, 
it follows that these symmetric extensions are also essentially self-adjoint. Thus Relp = ^{lp+ + Ip-) and 
Imlp = \{Ip+ - Ip^) are essentially self-adjoint on DomT^.,. (7 Dom0_. □ 

Remark 4.3. The above proposition shows that (under only mild assumptions) a pseudo-Riemannian 
spin manifold gives rise to two spectral triples satisfying the first and second conditions in Definition 3.6. 
From the reverse Wick rotation of Proposition 3.9, we then almost obtain an indefinite spectral triple 
{Cp^{M), L^{S), Ip), except that Relp and Imlp do not almost anti-commute. Indeed, although the anti¬ 
commutator {Re Ip, Im Ip} is a first-order differential operator, it contains in general both spacelike derivatives 
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and timelike derivatives, and thus it is not relatively bounded by Re0. In order to ensure that Re0 and 
Ixnip almost anti-commute, we need the timelike part of {Re4^,Im_0} to vanish identically. In the next 
subsection, we will provide sufficient conditions on a Lorentzian manifold to ensure that Re Ip and Im Ip 
almost anti-commute. 

As mentioned in the introduction, we emphasise however that the main reason for imposing this almost 
anti-commuting condition is to prove self-adjointness of the Wick rotations V±. For the Dirac operator Ip, 
we can simply prove the self-adjointness of Ip^ directly (as we did in Proposition 4.2), and this condition is 
therefore not necessary for describing pseudo-Riemannian manifolds. 

4.1.3 Lorentzian manifolds with parallel time 

Definition 4.4. Let {M,g,r) be as in Assumption 4.1. We say that {M,g,r) has bounded geometry if 
{M,gr) has strictly positive injectivity radius, and all the covariant derivatives of the (pseudo-Riemannian) 
curvature tensor of {M,g) are bounded (with respect to gr) on M. A Dirac bundle on M is said to have 
bounded geometry if in addition all the covariant derivatives of D®, the curvature tensor of the connection 
V®, are bounded (w.r.t g^) on M. For brevity, we simply say that (M, g,r,S) has bounded geometry. 

We will now restrict to Lorentzian signature, and impose additional assumptions on the geometry: 

Assumption 4.5. Let {M,g) be an even-dimensional time- and space-oriented Lorentzian spin manifold 
of signature (l,n — 1), with a given spinor bundle S —>• M. Let r be a spacelike reflection, such that the 
associated Riemannian metric gr is complete. Assume furthermore that (M, g, r, S) has bounded geometry. 
Lastly, we assume that the spacelike reflection r is parallel (i.e. the unit timelike vector field Cq G r(Et), 
corresponding to the decomposition TM = © Eg, is parallel: Vcq = 0 ). 

We choose a local orthonormal frame corresponding to the decomposition TM = Ej © E^ (i.e. eg is 

timelike and is spacelike for fc > 0). The assumption that Cq is parallel then implies that [V®, 7 (eo)] = 0. 
The expressions for the real and imaginary parts of Ip and its Wick rotations then simplify to: 

n—1 n—1 

Re.0 = ^7(e,)V^^., Imlp = zj{eo)Vl, ^ 7±(efc)V^,, 

j—1 k—0 

where we recall from Eq. (1) the Wick rotated Clifford representations 7 ±(u) := ±i'y{vt) + 'y{vs) (for v = 
Vt + Vs G Et (B Eg = TM). 

Lemma 4.6. Let {M, g,r,S) be as in Assumption 4-5. The operators Help and Imlp yield an almost 
anti-commuting pair (Re Ip, Im Ip). 

Proof. We observe that the space £ := r“(S) of smooth compactly supported sections satisfies conditions 
1) and 2) in Definition 2.8. Since 7 (eo) commutes with V® and anti-commutes with 'y(ej) (for j 7 ^ 0), we 
calculate (on £) 

n — 1 

{Relp,lm$} = (7(e,)V®^7(eo)V®„ +7(eo)V^„7(e.)V®J 

n — 1 

= ( 7 (e,) 7 (eo)V®^V®„ + 7 (eo) 7 (e,)V®„V^^. + 7 (eo)[V®„, 7 (e,)]V®^) 

n — 1 

= (7(eo)7(e,)K,V^J + 7(eo)[V®„,7(e,)] 

n—1 

= f ^ (7(eo)7{ei)V^g^_^.] +7(eo)7(e7)D®(eo,ej) +7(eo)[V®„,7(ej)]V®.y ( 2 ) 

i=i 
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The curvature ri®(eo, ej) and the commutator [Vg^, 7 (ej)] are bounded by the assumption of bounded geom¬ 
etry. Hence, on the last line of Eq. (2), the second term is bounded and the third term is relatively bounded 
by Kelp. Since Cq is parallel, we have [eQ,ej] = Vg^ej — Vg^eo = Vg^ej. Since cq and ej are orthogonal (for 
j > 0 ), we find that 

g{'Veoej,eo) = -g{ej,Veoeo) + 60 ( 5 ( 6 ^, 60 )) = 0 , 

and hence [cq, ej] = Ve^ej € Eg. This means that the first term in Eq. (2) also only has spacelike derivatives, 
and is therefore relatively bounded by Re Ip as well. □ 

Combining this with Proposition 4.2, and applying the reverse Wick rotation of Proposition 3.9, we obtain: 

Corollary 4.7. Let (M, 5 , r, S) satisfy Assumption 4-5. The Wick rotations Ipj. yield an even pair of spectral 
triples L^(S), 0_|_, 0_), and hence the triple L^{S), Ip) is an even indefinite spectral triple. 

Finally, we relate the Wick rotations lp± of the Lorentzian Dirac operator on (M, g) to the canonical Dirac 
operator on the Riemannian manifold {M,gr). Since M is even-dimensional, recall that the spinor bundle S 
is Z 2 -graded with the grading operator given by 

Tm := *“*■^“^^ 7 ( 60 ) • • • 7 (en-i), (3) 

where for the Lorentzian signature we of course have t = 1. 

Proposition 4.8. The Wick rotations Jpj- of the Lorentzian Dirac operator Ip on {M, g,r,S) are the two 
canonical Dirac operators on the Wick rotated Riemannian spin manifold {M,gr, S) corresponding to the two 
possible choices of orientation P^ on S. In other words, the following diagram commutes. 

Wick rotate / , , „4- . 

1 

Wick rotate -rk 

-^ ip± 

Proof. In Eq. (1) we have given two Clifford representations 7 ± corresponding to the Riemannian metric gr. 
The grading operators corresponding to these Clifford representations are given by 

r± := i"("+l)/2^±(eo) • ■ •7±(6 „-i) = ±*l+"(”+l)/^(6o) • • •7(6n-l) = TEm, 

where Tm is given by Eq. (3). Hence the choice of sign for the Wick rotation of 7 corresponds to the choice 
of orientation for the spinor bundle S (in the terminology of [Ply 86 , §2.7], the choice is the reverse 

spin structure of {S,T'lf )). Next, the assumption that the spacelike reflection r is parallel implies that the 
Levi-Civita connection V of 5 is also the Levi-Civita connection for the Riemannian metric gr. Hence the 
canonical Dirac operators corresponding to each of the orientations are given by Ip± = JfPj-o J±iej)Vg^, 
which are precisely the Wick rotations of the Lorentzian Dirac operator Ip. □ 

The above proposition motivates our use of the term ‘Wick rotations’ for ipj., as they are precisely the Dirac 
operators corresponding to the ‘Wick rotated’ metric gr. 

4.2 The harmonic oscillator 

The d-dimensional harmonic oscillator has been discussed in [GW13, §2.1] (see also [WullO]), where the 
harmonic oscillator is ‘deformed’ to obtain a description of the spectral geometry of the (noncommutative) 
Moyal plane with harmonic propagation. Here, we only consider the classical (commutative) case. 

On +^(1^“*) we consider the bosonic annihilation and creation operators with canonical commutation relations: 

a^:=u}x^ + d^j,, a* = - 5^, [a^, a^,] = [a*, a*] = 0 , [a^, a*] = 2a;(5^,,, 


(M,5,r,S,rM) 

1 

Ip 
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for = 1,... ,d. Here we have also introduced a frequency parameter w > 0. On the exterior algebra 
A(C‘^), we introduce the fermionic partners satisfying the anti-commutation relations 


{b^,b,} = {b;,b:} = 0, 


{b^,b:} = s^,. 


Denote by |0)/ the fermionic vacuum satisfying bfj_\0)f = 0 for all By repeated application of the creation 
operators 6* one constructs out of this vacuum the 2'^-dimensional Hilbert space A(C‘^) ~ yielding the 
standard orthonormal basis elements |0)/ (where S {0,1}). The fermionic number operator 

Nf := naturally defines an N-grading A(C‘^) = A?’(C‘^) —>■ A?’“^(C‘^) 

and 5* : Ap(C^) ^ Ap+ 1(C^). The induced Zz-grading T on A(C^) then satisfies 

r = (-i)'^0 r2 = i, r = r, vb^ = -b^T, r6; = -5;r. 

Thus we obtain a Z 2 -grading on the Hilbert space ® A(C‘^) given by 1 (8)r, which we will also simply 

denote by T. On this Z 2 -graded Hilbert space ® A(C‘^) we then consider the odd operators 


d 

Vi := ^ {a^ 0 5* -h a* 0 b^) , 
Their squares are of the form 

vl= H + 


d 

V 2 := ^ {a^ 0 6 ^ -h a; 0 6 *) . 


= H0l — a;0E, 


where the Hamiltonian H and the spin matrix S are defined as 

d 


- ^l) 








Remark 4.9. Note that in [GW13] the operator V 2 is defined instead as R 2 := ®b^— ia*^ 0 6*). 

However, our definition and theirs yield the same square 

'^{at^(^bf, + a*^0b*^)\ = I (ia^ 0 b^ - ia* 0 b*) j = < ® ® ■ 

p.=i ) \/i=i / U=i /i=i J 


\n= 

Proposition 4.10. The data {S{W^), 0 A(C‘^), X>i, 2 I 2 ) defines an even pair of spectral triples. 


Proof. The operator H is well-known to be essentially self-adjoint on <S(]R‘^) and to have compact resolvent. 
Since w 0 E is only a bounded perturbation of R 0 1, it follows that Tfl and are essentially self-adjoint 
on 5(K'^) 0 A(C‘^) and also have compact resolvent. Since T>i and V 2 are symmetric and their squares are 
essentially self-adjoint, it follows (see e.g. [RS75, exercise 28, Chapter X] or the proof of [Ber68, Lemma 
3]) that Vi and P 2 are also essentially self-adjoint. Likewise, compactness of their resolvents follows from 
the compactness of the resolvents of their squares. Furthermore, commutators of Pi and P 2 with Schwartz 
functions are bounded. Hence Pi and P 2 indeed yield even spectral triples. 

To show that these spectral triples in fact form an even pair, we need to check the axioms in Definition 3.6. 
Since T>\ — P| is bounded, it follows that DomPi = DomP 2 . Furthermore, the operators 


d d 

Pi + P2 = ^(a;. + a;) 0 {b^ + b;) = Y. 2 ^^/^ ® 

fL — 1 fl—1 

d d 


V,-V 2 = J^(a; - a^) 0 (b^ -b;) = Y^ -2d^ 0 (b^ - 5 ;), 

^—1 fL—1 
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are essentially self-adjoint on iS(R'^) (g) A(C‘^) C DomI?i = DoniX> 2 - Since the graph norm of Vi ± X >2 is 
bounded by the norm || • ||r>i,-D 2 (cf- Lemma 2.7), it follows that the domain of the closure of ±X >2 contains 
Dom2?i nDom2?2, so that Vi ±2?2 is also essentially self-adjoint on DomX>i = DomX> 2 - Lastly, the domain 
£ := (g) A(C‘*) satisfies properties 1) and 2) in Definition 2.8, and the operator {Vi + £> 2 , T>i — P 2 } = 

V\ — is bounded on this domain, so {Vi -|- I> 2 , Pi — P 2 ) is an almost anti-commuting pair. □ 

From Proposition 3.9 we then obtain: 

Corollary 4.11. The operator 

^ . d 

V := -(Pi + P 2 ) + ^(Pi -V2) = Y. {ujx^ 0 (6^ + b;) - id^ 0 (6^ - 6^)) 

fj,=i 

yields an even indefinite spectral triple g) A(C‘^),P). 

We remark that this operator P still encodes all the information of the d-dimensional harmonic oscillator. 
In particular, the Hamiltonian H and the spin matrix E can be recovered via 

^{VV* +V*V) = i(P? -f P 2 ) = P(g)l, -^(p2 -P*^) = i(P? -P 2 ) = w(g)E. 

Example 4.12. Suppose that d = 1. We then have the operators 
d 

a := wx + —, 
dx 

acting on the Hilbert space L^(R) (g> C^. These operators give rise to two self-adjoint operators Pi and P 2 
and their reverse Wick rotation P given by 

Pi := a 0 5* + o* ® 6 = f ° V P 2 := a ® 6 + a* g 6* = f ° V=( ^ * 

\a 0) \a OJ + 0 

From Theorem 3.15 we then see that the 1-dimensional harmonic oscillator yields an odd indefinite spectral 
triple {S(R),L'^{M.),UJX + -^). 

4.3 Families of spectral triples 

In this section we study families of spectral triples {{A, Tr^'H,'Di{x))}xeM parametrised by a Riemannian 
manifold M. We use these families to construct examples of pairs of spectral triples and thus of indefinite 
spectral triples. Our approach is largely based on and inspired by work of Kaad and Lesch [KL13, §8], who 
studied the spectral flow of a family of operators {T>i{x)}xeM■ 

4.3.1 The family of spectral triples 

Let us start with a brief discussion of families of operators parametrised by the manifold M. 

Definition 4.13. A map S{-): M —>■ £(?di,'H 2 ), x 1 — S{x), is said to have a uniformly bounded weak 
derivative if the map is weakly differentiable (i.e. the map x M- {S{x)f,,r]) is differentiable for each f € TCi 
and 77 G H 2 ), the weak derivative dS{x)TLi ^ 'H 2 ® Tf{M) is bounded for all x G M, and the supremum 
suPa,gM IM*5'(a:)|| is finite. 

We gather a few statements from [KL13, §8] into the following lemma. 
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Lemma 4.14. Let S'(-): M — >■ C{'Hi,'H 2 ) have a uniformly bounded weak derivative. Then: 

1) If x,y G M lie in the same coordinate chart, then 

||S'(x) - S{y)\\ < sup ||d5'(2)|| • dist{x,y), 

z^M 

where ciist(a::, y) denotes the geodesic distance between x and y; 

2) //sup^gj;^ ||S'(a;)|| < oo, then S{-) yields a well-defined operator Co{M,'Hi) —> C'o(M, 7 ^ 2 ) by setting 

(S{-)ip)(x) := S{x)'tp{x), 


for if € Co{M,'Hi). 

Proof. We refer to [KL13, Remark 8.4, 2.] for a short proof of 1). For 2) we need to check that S{x)ip{x) is 
continuous in x. We have the inequality 

||S'(a:)V’(a:) - 5'(y)i/'(y)|| < ||S'(a;) - S'(y)|| ||'0(x)|| + ||S'(y)|| ||V'(a:) - tl:{y)\\. 

As y —> a;, each of these terms approaches zero; the first term by the first statement of this lemma, the 
second by continuity of ' 0 - CH 

Definition 4.15. A weakly differentiable family of spectral triples {{A, Tr,fH,Vi(x))}x^M parametrised by 
the manifold M is a family of spectral triples {{A, T^,„'H,Vi{x))}xeM such that the following conditions are 
satished: 

• there exists another Hilbert space W which is continuously and densely embedded in 77 such that the 
inclusion map t: W ^ 77 is locally compact, i.e. the composition 713 ,( 0 ) o t is compact for each x € M and 
uGA; 

• the domain of Vi (x) is independent of x and equals W, and the graph norm of Vi (x) is uniformly equivalent 
to the norm of W (i.e. there exist constants Ci,C 2 > 0 such that Ci||^||w < ||CI|r>i(a;) < 11^211^11^ for all 
f GW and all x G M); 

• for each a G A, the maps M —>• C{W,'H) and 7 r.(a): M —>• £(77) have uniformly bounded weak 

derivatives, and the map [ 77 i(-), 7 r. (a)]: M -G- C{'H) is continuous. 

Remark 4.16. 1) The unbounded operator Vi{x)-. Dom.'Dx{x) ^ 77 is considered a bounded operator 
IF —>■ 77, where W = Dom77i(a;) is a Hilbert space with respect to the graph inner product of T>i(x). 
Since the graph norms of T>i(x) are equivalent for all x G M, it follows that the bound on the operator 
norm of d'Di{x) is thus a relative bound with respect to Vi{y), for any y G M. 

2) The requirement that the graph norm of 'Di{x) is uniformly equivalent to the norm of W implies that 
SUP 3 ;GM ll^i(a;)|| is finite. 

3) The case where A = C and tt^, is scalar multiplication brings us back to the case of a family of operators 
{Vi{x)} as studied in [KL13, § 8 ]. 

Consider the Hilbert C'o(M)-module Cq{M,'H). The family of representations Tr^,: A £(77) determines a 
representation tt: A® Co{M) ~ Cq{M,A) -g C'o(M,£(77)) ~ End( 7 j,(M) (Co(M, 77)) by setting 

(7r(a)0)(a;) := 'nx{a{x))il){x), 

for 0 e Co{M, 77) and a G Co(M, A). The family of operators {Vi(x)} on the Hilbert space 77 defines a new 
operator Vi(-) on the C'o(M)-module Co(M,?I) with domain Cq{M,W) by setting 

(£>i(-) 0 )(a:) ■.= Vi{x)if{x). 

The assumption of weak differentiability is more than sufficient to ensure that tt and 77i(-) are well-defined 
(see Lemma 4.14, part 2). The operator 77i(-): Cci{M,W) -G Cq{M,'H) is densely defined and symmetric. 
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Remark 4.17. In [KL13, §8] the family {'Di{x)}x^m is used to construct a class in the odd K-theory 
Ki{Co{M)) = KK^{C,Co{M)) of Co{M). In order to ensure that Ri(-) has compact resolvent (as an oper¬ 
ator on the right Co(M)-module C'o(M,H)), it is then necessary to replace 21i(-) by for a strictly 

positive function / € Cq{M). In our approach we aim to construct instead a class in KK^{Co{M, A), Co{M)), 
for which introducing this function / is not necessary, as now we only need the resolvent to be locally compact 
(for the left action by Co{M, A)). 

Proposition 4.18 (cf. [KL13, Proposition 8.7]). If {{A, M is a weakly differentiable family of 

spectral triples, then the triple {AqC^{M), Cq{M, 'H)co{m),'IIi{:)) is an odd unbounded Kasparov C'o(M, A)- 
Co{M)-module. 

Proof. The operator Vi{x) is self-adjoint for each x G M. It then follows from the local-global principle 
[KL12, Theorems 4.2, 5.6, and 5.8] that Pi(-) is self-adjoint and regular. However, this can also be seen 
directly. First, observe that the resolvent {Pi^x) ± i)~^ depends continuously on x, since by the resolvent 
identity and the first statement of Lemma 4.14 we have 

11(111 (x) ±i)~^ - {Vi{y)±i)~^\\ = \\iVi{x) ±i)~^(T>i{y) - T>i(a;))(T>i(y) ± z)“^|| 

< ||(lli(x)±z)-i|| \\Vi{y)-Viix)\\ ||(Ri(y)±z)-'|| 

< ||X>i(?/) - Ili(x)|| < sup l]d('Di(z))ll ■ dist(a::,y). 

z£M 

Since 'Di{x) ± z is surjective for each x G M, this implies that ± z is also surjective, and hence lli(-) is 
self-adjoint and regular. 

The algebraic tensor product A(DCf^{M) is dense in Cq{M, A), and for a®/ G A(3C^{M) the commutators 

[Vi{-),Tr{a® f)]{x) = f{x)[Di{x),Trxia)] 

are bounded for each x. By assumption such commutators are continuous, and the compact support of / 
then ensures that they are globally bounded. 

It remains to show that 7r(a 0 f)(Vi{-) ± i)~^ is compact (as an operator on the C'o(M)-module Co{M, %)) 
for each a G A and / G C'o(M). The compact operators on Co{M,'H) are given by Co{M, IC{'H)). The 
operator TTa, (a) (Hi (x) ± i)~^ is compact and bounded by llajj for each x G M (since {A, Tr,^'H,'Di{x)) is a 
spectral triple). Hence the map M — ^ /C(H), x >-;• TTa,(a)(Hi(x) ±z)“^ is continuous and globally bounded by 
llaJl, so if we also multiply by / G C'o(M) we get 7r(a ®/)(Hi(-) ±z)“^ G Co{M,)C{'H)). □ 

4.3.2 The Kasparov product 

We would like to use the Kasparov product to ‘glue together’ our family of spectral triples. For this purpose, 
we need to consider a spectral triple on the manifold M , which we construct as follows. From here on we will 
assume that the Riemannian manifold M is complete. Consider a first-order symmetric elliptic differential 
operator H 2 : F]]“(M, F) — >• F) on a hermitian vector bundle F —>■ M, which has bounded propagation 

speed, i.e. the principal symbol crpj ■ T*M —>■ End(F') satisfies 

sup{llcr-D2(x,0|| I (x,^) G T*M, 5(^,0 < 1 } < 00 . 

Proposition 4.19 (cf. [KL13, §8]). The operator 1)2 yields an odd spectral triple ((7“(M), L^(M, F), H 2 ). 

Proof. The completeness of M and the bounded propagation speed ensure the essential self-adjointness of 
H 2 on F“(M,F) (see e.g. [HROO, Proposition 10.2.11]). Since H 2 is a first-order differential operator, the 
commutator with a smooth, compactly supported function is bounded. Lastly, ellipticity of H 2 ensures that 
its resolvent is locally compact (see e.g. [HROO, Proposition 10.5.2]). □ 
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We are now ready to construct the odd unbounded Kasparov product of the C'o(M, A)-C'o(M)-module 
{AQ C^{M),Cq{M,'H),'Di{-)) with the Co(M)-C-module (C“(M), L^(M, C), X> 2 )- On the internal tensor 
product of the Hilbert modules Co{M, F) ~ L'^{M, 'H0F) we consider the operator I?i(-)(g)l, 

which we simply denote as 'Di{-) on ® F). Using the identification L‘^{M, 'H^F) ~ 7^ ( 8 > L'^{M, F), 

we also consider the operator 1 ® X> 2 , which we simply denote as 7^2 ■ 

Theorem 4.20. Let M be a complete oriented Riemannian manifold of dimension m, and let R be a separa¬ 
ble Hilbert space. Let V 2 be a closed first-order symmetric elliptic differential operator on a hermitian vector 
bundle F M, which has bounded propagation speed. Let {^{A, be a weakly differentiable 

family of spectral triples. Then the following statements hold: 

1) the operator 

V 1 XV 2 := . (Dom(Pi(.))nDom(P 2 ))®' 

yields an even spectral triple {A(DCf°(M), L'^{M,'H'S> F)®"^ ,7?i x'D 2 ) which represents the odd unbounded 
Kasparov product of {AQ Cf°{M),CQ{M,'H)co{M),T^ii-)) with {Cff {M), L'^{M, F), 1 ) 2 ); 

2) the triple {AQ Cf°{M), L^{M,'H ^ F),Vi{-) +il? 2 ) *s an odd indefinite spectral triple. 

Proof. For the first statement, we need to show that we have a correspondence (as defined in [KL13, Definition 
6.3]) from {A Q CfP{M),C o{M,'H)cq(m),T^i{:)) to (C“(M), L^(M, F), D 2 ), so that we can apply [KL13, 
Theorems 6.7 & 7.5]. For a family of operators, this has been shown in [KL13, Proposition 8.11]. For a 
family of spectral triples, the only difference is that we now consider a left action by Co{M,A) (instead of 
C) on Co{M,'H). Thus we need to check the third condition in [KL13, Definition 6.3], which requires that 
the commutator [D 2 , 7 r(a 0 /) ® 1]: Dom(X> 2 ) —>■ Cq{M,71) ®Co(m) L'^{M,F) ~ L'^{M,'H^F) is well-defined 
and bounded for all a 0 / G .4 ,0 C'^{M). 

The commutator with / G CfP{M) simply yields [D 2 ,/] = a-o.^idf), which is bounded because / G CfP{M) 
implies that df is bounded, and because ctdj is completely bounded by [KL13, Proposition 8.2]. Similarly, 
the commutator [D 2 , 7 ra;(a)] = aT)2{d{7T^{a))) is bounded, because by assumption the weak derivative of Tr^ia) 
is uniformly bounded. Thus we indeed have a correspondence, and the first statement then follows from 
[KL13, Theorems 6.7 & 7.5]. 

For the second statement, consider the operator T> := T>i(-) + 0^2 on DomD = DomDi(-) fl DomD 2 . 
We know from [KL13, Proposition 8.11] that (Di(-),I? 2 ) is an almost commuting pair, so it follows from 
Theorem 2.11 that V* = Di (•) — f D 2 on Dom V* = Dom T>i{-)n Dom X> 2 , and therefore we have Re D = Vif) 
and Im F = X >2 on this domain. 

The operators Fi{-) and X >2 are both essentially self-adjoint on DomDi(-) n DomD 2 (for Vif) this follows 
from Lemma 2.9, and for V 2 this follows from the completeness of the Riemannian manifold). The domain 
DomDi(-) n DomD 2 is preserved by AQ and both Di(-) and D 2 have bounded commutators with 

A © CfP {M). Lastly, the inclusion l : Dom (■) fl Dom D 2 ^ L‘^{M, TL^F) is locally compact because (by 
the first statement) Vi x V 2 has locally compact resolvent. □ 

Remark 4.21. In the construction of the operator Vi x X >2 we may replace 2?2 by —X> 2 , without affecting 
the first statement of the above theorem. We thus obtain two different spectral triples with the operators 

0 V^{-)-iV2\ . ( 0 V^{-)+iV2 

Vi{-)+iV2 0 ) \Vi{-)-iV2 0 

The second statement of the theorem could have been proved alternatively by showing that these two spectral 
triples form a pair of spectral triples. It then follows from Theorem 3.15 that V = Di(-) -I- iF 2 yields an odd 
indefinite spectral triple. 
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4.3.3 Generalised Lorentzian cylinders 


Dirac operators on generalised pseudo-Riemannian cylinders have been studied in [BGM05]. Here we will 
specialise to the Lorentzian case, and we will show that this provides an example of a family of spectral 
triples parametrised by the real line M. 

Let E be an (n —l)-dimensional smooth spin manifold, and let gt be a smooth family of complete Riemannian 
metrics on S parametrised by t G M. Consider the generalised Lorentzian cylinder {M, g) := (S x R, (74 — dt^). 
The vector field v := dt is a unit timelike vector field which is orthogonal to the hypersurfaces E* := 
(E X {t},gt). 

Since each hypersurface Et is a complete Riemannian spin manifold, we obtain for each t G R a spectral 
triple 

(cr(s),T'(St,so,0(t)), 

where St is the spinor bundle over Et, and dp{t) = 7 * o V®* is the canonical Dirac operator on Ej. 

For cc G E and to,ti G R, parallel transport along the curve t 1 -^ {t,x) £ M (i.e. an integral curve of the 
vector field u) yields a linear isometry : {Stg)x —t (Stjx- The Hilbert spaces Ht '■= L^(Et,St) of square- 
integrable spinors on E* can be identified via this parallel transport, and we shall write H := 'Hq. Under this 
identification, the action of C^{Tj) on'Ht —TL (given by pointwise multiplication) does not depend on t. 

A local orthonormal frame {ei,..., e„_i} on Eq can be extended to an orthonormal frame {v, ei,..., e„_i} 
on M via parallel transport along v, and this extended frame then satisfies = 0. Consequently, the 

Clifford multiplication 7 on (M, g) satisfies 

[Vf,7(ej)] = 7 (Vj.ej) = 0 , 

so 7 is parallel along the vector field v. Under the identification : TLt LLo, the Clifford multiplication 
7 t on Ht is mapped to r° o o Tq = 70 (A) on Ho (see also [BCM05, §5]). Thus, upon identifying 

Ht — Ho, the Clifford multiplication becomes independent of t. 

Proposition 4.22. Let {M,g) be an even-dimensional generalised Lorentzian cylinder as constructed above. 
Suppose that the smooth family of metrics gt has derivatives of all orders (both in t and along E ) which are 
globally bounded. Then the spectral triples ((7)?“(E), L^(Et, St), 0(t)) form a weakly differentiable family of 
spectral triples (as in Definition 4-15) parametrised by the real line M = R. 

Proof. We define the Hilbert space W := Dom0(O) equipped with the graph inner product of 0(0). Then 
W is continuously and densely embedded in H := L^(Eo, So). Since 0(0) is elliptic, this embedding is locally 
compact. 

Using the fact that 7 t is independent of t under the identification Lf{Yjt, St) ~ H, we can write lj){t) — l]){Q) = 
7 o o (V®* — V®°), which is a smooth endomorphism on So. The assumption that gt has globally bounded 
derivatives ensures that 0(0 — 0 ( 0 ) is globally bounded, and therefore the graph norms of 0(0 are uniformly 
equivalent. 

For / G (^“(E), the commutator [0(t),/] is given by Clifford multiplication with df. Hence, under the 
identification L^(Et,S0 ~ H, both / and [0(0,/] are independent of t. Lastly, since gt has globally 
bounded derivatives, it follows from [BCM05, Theorem 5.1] that the time-derivative of 0(0 is relatively 
bounded by 0(0 (and hence by 0 ( 0 )). □ 

By considering V 2 = —idx on L^(R), Theorem 4.20 then yields the odd indefinite spectral triple 

(Cr(ExR),L0R,?^),0(-)+5t), 

describing the Dirac operator on the foliated spacetime E x R. In fact, this example provided our initial 
motivation to consider families of spectral triples, and we intend to study this approach to foliated spacetimes 
in more detail in a future work. 
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